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Abstract Hawking radiation of NUT-Kerr-Newman de Sitter black hole is studied via
anomalous point of view in this paper. The results show that the charged current and energy-
momentum tensor fluxes, to restore gauge invariance and general coordinate covariance at
the quantum level in the effective field theory, are exactly equal to those of Hawking radia-
tion from the event horizon (EH) and the cosmological horizon (CH) of NUT-Kerr-Newman
de Sitter black hole, respectively.
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1 Introduction

Black holes are interesting heavenly bodies, though their existence has not been recognized.
More and more properties of black holes have been researched [1–10] since Hawing proved
that black hole has thermal radiation in 1974 [11]. Now, people relate black hole physics
with thermodynamics, and think that black hole physics have four laws as well as thermo-
dynamics. On the other hand, the information loss of black hole is still a big problem. But,
we can confirm that the basis of four laws and information problem of black hole is Hawking
radiation, which is conclusion of quantum effect. The ways of proving Hawking radiation
are so beautiful that they almost used the most advanced theory then. Recently, Robinson
and Wilczek proved Hawking radiation from Schwarzschild black hole via anomaly [12].
The theory is established on the point of view of (1 + 1)-dimensional effective theory and
anomalies cancellations. S. Iso, K. Murata, S.Q. Wu and Q.Q. Jiang etc. have researched
several stationary black holes with the theory [13–20], and have obtained satisfactory re-
sults. The Hawking radiation from NUT-Kerr-Newman de Sitter black hole has been stud-
ied with some other ways [21]. But, in this paper, we will research this black hole via gauge
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anomaly and gravitational anomaly point of view. The procedures are as follows. Firstly,
a (1 + 1)-dimensional effective theory in NUT-Kerr-Newman de Sitter spacetime will be
founded by the dimension reduction technique. Next, we just consider outgoing modes at
event horizon (or ingoing modes at cosmological horizon) and find an effective field theory.
Finally, a covariant current is introduced to cancel the anomalies. We can prove the current
fluxes are exactly equal to those of Hawking radiation.

2 The 2-Dimensional Theory of Nut-Kerr-Newman de Sitter Black Hole

In this section, the NUT-Kerr-Newman de Sitter black hole is reviewed and physics near the
horizons is described by an infinite collection of (1 + 1)-dimensional fields.

Considering the metric of the black hole in Boyer-Lindquist coordinate system [22]

ds2 = −�r − �θa
2 sin2 θ
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in which, n, M, a, Q are NUT parameter, mass, angular momentum and charge of black hole,
respectively. Next, we have

g = det(gμν) = −�−4ρ4 sin2 θ, (3)
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From the line element (1), we know that the black hole is charged, rotational and axial
symmetry. Other than Kerr-Newman black hole, the black hole has CH and NUT parameter,
so the black hole can be understood as a generalization of Kerr-Newman black hole. From
the null hypersurface equation

gμν ∂f

∂xμ

∂f

∂xν
= 0. (5)
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We can obtain a negative root denoted by r− (but it is meaningless, we should abandon
it) and three positive roots, rh (the event horizon), rc (the cosmological horizon) and r0

(the inner horizon, IH). But the roots are different from each other. What we are interested
in are rh and rc . The electromagnetic potential can be expressed as

Aμ = (At ,0,0,Aφ) (6)

where At = − Qr

ρ2�
,Aφ = −Qra sin2 θ

ρ2�
. Now, we show that the scalar field theory which de-

scribes the line element (1) could be reduced to (1 + 1)-dimensional theory. The action of
the scalar field is
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 could be decompounded as 
 = �l,mφ(t, r)Ylm(θ,ϕ). By transforming to the “tortoise”
coordinate transformation defined by dr∗/dr = (r2 + a2)�/�2

r ≡ f −1(r), we can get the
simplified action
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Here, we let

 = a

r2 + a2
, � = Qr

(r2 + a2)�
, At(r) = −m − e� (9)

using the simplified (1+1)-dimensional theory, near the horizons, we can conveniently deal
with the Hawking radiation, as will be shown in the following discussions.

3 The Hawking Radiation at EH

We will research Hawking radiation from the EH in this part. Above all, let’s investigate
the gauge anomaly. When researching on the gauge anomaly, we should consider charge
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and rotation respectively. In the region rh < r < rh + ε, we omit the ingoing modes. The
consistent form of d = 2 Abelian anomaly are

∇μJ
μ

(h)e = ±e
εμν

4π
√−g

∂μAν, (10)
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where ε10 = 1 and + (−) corresponds to left (right)-handed field. If we let
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the uniform form is
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from (14) and (15) we can obtain
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We need to get the values of co and ch using the effective action and obtain the gauge current,
so we let

J r = J r
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where
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Then the variation of effective action is

−δW =
∫
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where λ is the general coordinate transformation parameter, and from the integral, we get
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So, at EH
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The covariant current is

J̃ μ = Jμ ± εμν

4π
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The current satisfies

∇μJ̃ μ = Jμ ± εμν

4π
Fμν. (27)

In the (1 + 1)-dimensional anomalous theory, the covariant current that is introduced for
canceling anomalies is

J̃ r = J r + 1

4π
At (rh)H (r) . (28)

So, from (17), (18), (19), (25) and (28), we can obtain

co = −At (rh)

2π
. (29)

This is just the gauge current that we want to get.
Now, we research the flux of the energy-momentum tensor current near event horizon via

gravitational anomaly point of view. Similarly, we just consider the outgoing modes. Near
the EH, we define

T μ
ν = T

μ
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μ
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From 2-dimension Levi-Civita tensor, if we just consider the case ν = t , we can get

Nr
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In rh + ε < r < rc, T r
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r
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While in region rh < r < rh + ε, T r
t(h) will satisfy the anomalous equation
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The second term is the quantum boundary effect, and the third term is the classical effect of
the background electromagnetic field for current flow, so we set, near the EH, the covariant
energy-momentum tensor is

T̃ r
t (h) = T r

t(h) + 1

192π
(ff ′′ − 2f ′2) (37)

which satisfies [23]
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So from (34), (35) and (36), at the EH , we obtain
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The energy-momentum tensor current can express as
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+ π

12
T 2
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where Th = ∂rf (r) / (4π) |r=rh is known as the Hawking temperature of the black hole.
For fermions, the Hawking radiation spectrum from EH of the black hole is

N±m (ω) = 1/

[
exp

(
ω ± At (rh)

Th

)
+ 1

]
. (43)

We can obtain the gauge current and the energy-momentum tensor current fluxes from the
formulae of quantum field theory

FJ = 1

2π

∫ ∞

0
[N+ (ω) − N− (ω)]dω = −At (rh)

2π
. (44)

Corresponding to (16)
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where

Fe
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From the known Hawking radiation spectrum and corresponding Hawking radiation current,
we obtain (44), which accords with (29). We also obtain (48) from the known Hawking
radiation result, and find it accords with (42). The results show that we have accomplished
the research of pure thermal spectrum from the event horizon of NUT-Kerr-Newman de
Sitter black hole.

4 The Hawking Radiation from CH

Near the CH, what we should consider are ingoing modes. We introduce the modes inside
the CH, in rc − ε < r < rc, the modes need to satisfy the anomalous equation
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New, from the formulae (51), (52) and (53), we can obtain
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where
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Similarly, we let
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C is the boundary term of quantum effect, then we have
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We introduce a covariant current to cancel anomalous near the CH
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corresponding to (29), from (55), (56), (61) and (62), we obtain
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Researching the energy-momentum tensor current, and omitting outgoing modes near
the CH of black hole, let’s define
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μ
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μ
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The third term is the classical effect of the background electromagnetic field of the current
and the second term is the quantum boundary effect. Finally, we can define, at CH, the
covariant energy-momentum tensor current flux

T̃ r
t(c) = T r

t(c) − 1

192π
(ff ′′ − 2f ′2). (68)

Paying attention to (65), (66), (67) and (68), we get
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The energy-momentum tensor current is
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4π
− π

12
T 2

c (72)

where, Tc = −∂rf (r) / (4π) |r=rc is the temperature of black hole.
For fermions, the Planckian distribution of the Hawking radiation from the CH of the

black hole is

N±m (ω) = −1
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)
+ 1

]
. (73)

We obtain the gauge current from the formulae of quantum field theory
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Corresponding to (45) and (46), we have
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And the energy-momentum tensor current is

FT = 1

2π

∫ ∞

0
ω[N+ (ω) + N− (ω)]dω = −A2

t (rc)

4π
− π

12
T 2

c . (78)

From (74) and (78), we can know that (63) and (72) are the results of Hawking radiation.
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5 Conclusions

From the results of this paper, if n = 0 and � = 1, we get the conclusion of Kerr-Newman
black hole. When � = 1 , Q = 0, and n = 0 we can get the Hawking radiation of Kerr black
hole.

According to the theory of black hole radiation, near the horizon of the black hole, there is
quantum vacuum fluctuation effect, so virtual particle pairs maybe appear. The negative en-
ergy particle enter the EH (or exit the CH) and become ingoing modes (or outgoing modes),
but the positive energy particle would emit and become outgoing modes (or ingoing modes).
The latter is no other than what we want to research, so we just consider the outgoing mode
at the EH (or outgoing modes at the CH). From the anomalous equations, we can obtain the
right conclusions finally.
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